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Abstract. In this article we introduce a numerical algorithm for finding harmonic
mappings by using the shear construction introduced by Clunie and Sheil-Small in
1984. The MATLAB implementation of the algorithm is based on the numerical
conformal mapping package, the Schwarz-Christoffel toolbox, by T. Driscoll. Sev-
eral numerical examples are given. In addition, we discuss briefly the minimal sur-
faces associated with harmonic mappings and give a numerical example of minimal
surfaces.
Keywords. Harmonic univalent mappings, convex along horizontal directions, har-
monic shear, numerical method, conformal mappings, minimal surfaces.
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1. Introduction
A complex-valued harmonic function f = u+ iv, defined on the unit disk D, is called
a harmonic mapping if the coordinate function u and v are real harmonic, and it maps
D univalently onto a domain Ω ⊂ C. Note that it is not required that the real part
and the imaginary part of f are harmonic conjugate functions, i.e., satisfy the Cauchy-
Riemann equations. In 1984, Clunie and Sheil-Small [5] showed that many classical
results for conformal mappings have natural analogues for harmonic mappings, and
hence they can be regarded as a natural generalization of conformal mappings. Since
then, this class of mappings has attracted considerable interest in complex analysis,
see e.g. [10].
An important method for studying geometric properties of harmonic mappings is
called harmonic shearing. Since its introduction in [5], it has been researched by
many authors. For example, Greiner [13] studied harmonic shears of conformal map-
pings from the unit disk onto infinite strips and other domains. Shearing of conformal
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mappings from the unit disk onto regular polygonal domains have been studied in the
paper by Driver and Duren [9], and by the author with Ponnusamy and Rasila [27].
The shear construction makes use of a conformal mapping ϕ and an analytic dilatation
ω. For required assumptions for the dilatation ω, see Section 2.
An applet [28] for exploring harmonic shears with user defined conformal mappings is
written by Rolf and examples are given in [6]. However, no accuracy tests against ana-
lytic form have been given in [6]. Note that, the applet requires an analytic expression
for the conformal mapping.
In this paper, the Schwarz-Christoffel toolbox by Driscoll [7] is used to provide a con-
formal mapping for the presented numerical method for harmonic shear. The toolbox
computes a conformal mapping from the unit disk D onto a polygonal domain. See
[8, 29] for details for the construction of a conformal mapping.
In principle, other methods can be used to obtain conformal mappings as well. An
example of a numerical method, that does not involve the Schwarz-Christoffel for-
mula, is the Zipper algorithm of Marshall [20, 21]. A method involving the harmonic
conjugate function is presented in [16, pp. 371-374].
An algorithm using the harmonic conjugate function and properties of quadrilateral
is given by the author in a joint work with Hakula and Rasila [14]. The algorithm is
based on properties of the conformal modulus originating on the theory of quasicon-
formal mappings [1, 18, 25]. The method is suitable for simply and doubly connected
domains, which may have curved boundaries and even cusps. The implementation of
the algorithm is based on the hp-FEM from [15].
An important application of harmonic mappings is related to minimal surfaces. A
harmonic function f = h + g can be lifted to a minimal surface if and only if the
dilatation ω is the square of an analytic function. Suppose that ω = q2 for some
analytic function q in the unit disk D. Then the corresponding minimal surface has the
form
{u, v, w} = {Re f, Im f, 2 Imψ},
where
ψ(z) =
∫ z
0
q(ζ)
ϕ(ζ)
1− ω(ζ) dζ.
The approach taken in this paper is based on the Weierstrass-Enneper representation.
For further information about the relation between harmonic mappings and minimal
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surfaces can be found from [10]. Minimal surfaces are closely related to many inter-
esting phenomena in natural science and engineering, from mathematical models of
soap bubble surfaces [17], to topics in molecular engineering [3], and tensile struc-
tures [4]. For a further reading on minimal surfaces and their applications see, e.g.,
[23, 24].
In this paper, the MATLAB visualisations of harmonic mappings are kept as close to
the original images (cf. [9, 27]) as possible for easier comparison. Besides given
illustrations, one can enhance the visualisations, e.g., by using phase portrait method
[30, 31] or by using domain coloring method [19, 26].
2. Harmonic Mappings
A harmonic mapping in D has a canonical presentation f = h+ g, where h and g are
analytic in D and g(0) = 0. A harmonic mapping f = h+g is called sense-preserving
if the Jacobian Jf = |h′|2 − |g′|2 is positive in D. Then f has an analytic dilatation
ω = g′/h′ such that |ω(z)| < 1 for z ∈ D. For basic properties of harmonic mappings,
see [10].
A domain Ω ⊂ C is said to be convex in the horizontal direction (CHD) if its intersec-
tion with each horizontal line is connected (or empty). A univalent harmonic mapping
is called a CHD mapping if its range is a CHD domain. Construction of a harmonic
mapping f with prescribed dilatation ω can be done by the shear construction devised
by Clunie and Sheil-Small [5]. For reader’s convenience, we recall the construction
along with its basic properties.
Theorem 2.1. Let f = h + g be a harmonic and locally univalent in the unit disk
D. Then f is univalent in D and its range is a CHD domain if and only if h − g is a
conformal mapping of D onto a CHD domain.
Proof. See, e.g., [10, p. 37].
Suppose that ϕ is a CHD conformal mapping. For a given dilatation ω, the harmonic
shear f = h+ g of ϕ is obtained by solving the differential equations{
h′ − g′ = ϕ′,
ωh′ − g′ = 0.
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From the above equations, we obtain
(1) h(z) =
∫ z
0
ϕ′(ζ)
1− ω(ζ) dζ.
For the anti-analytic part g, we have
(2) g(z) =
∫ z
0
ω(ζ)
ϕ′(ζ)
1− ω(ζ) dζ.
Observe that f can also be written as
(3) f(z) = 2 Re
[∫ z
0
ϕ′(ζ)
1− ω(ζ) dζ
]
− ϕ(z).
The last equation is useful if the conformal mapping ϕ is known.
3. Numerical Aspects
Solving (3) numerically, we shall use the change of variable ζ = zt. Thus the analytic
part of f takes the following form
(4) h(z) =
∫ 1
0
ϕ′(zt)
1− ω(zt)z dt.
Then for the harmonic shear f , we have
(5) f(z) = 2 Re
[∫ 1
0
ϕ′(zt)
1− ω(zt)z dt
]
− ϕ(z).
Above integrals can be computed numerically, for example, by using the Gauss quad-
rature.
3.1. Gauss Quadrature. The key idea behind the Gauss quadrature is to choose the
interpolation nodes in order to maximize the degree of exactness of the quadrature
rule. In the Gauss quadrature one will consider integrals of the form
(6) I(g) =
∫ b
a
g(x) dx =
∫ b
a
f(x)η(x) dx =
N∑
j=1
wjf(xj),
where {wj, xj}Nj=1 is a quadrature rule corresponding to the weight function η. In
[12], Golub and Welsch gave algorithms to the Gauss quadrature for different weight
functions. More in-depth discussion of the Gauss quadrature can be found, e.g., in
[11, Section 5.3].
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In our case, we have a singularity of the form 1/(1−ω(z)) caused by the dilatation. For
some choices of dilatation, we can use the appropriate Gauss quadrature to deal with
the singularity. However, in this article, we shall use the Gauss-Kronrod quadrature,
which is also build in MATLAB. The Gauss-Kronrod quadrature is a generalization
of a pure Gaussian quadrature and the method adds additional nodes to the Gauss
rule with a way to control the error. It should also be noted that, the Gauss-Kronrod
quadrature does not take possible singularities into account. For futher discussion of
the Gauss-Kronrod quadrature, see [11, pp. 299–300].
3.2. Setup of the Validation Test. Numerical experiments are divided into two mesh-
ing of the unit disk. For the first part, the following mesh of the form reiθ, where
r = {k/20 : k = 0, 1, 2, . . . , 20} and θ = {2pik/40 : k = 0, 1, 2, . . . , 40}, is
used. The second mesh is refined near the boundary of the unit disk, where r =
{(990 +k)/1000 : k = 0, 1, 2, . . . , 10} and meshing for the angle is the same as in the
first mesh.
Validation of the numerical scheme is run against the analytic representation of the
harmonic mappings. All conformal mappings obtained by the SC toolbox are com-
puted with the precision setting: precision = 1e-14.
Note that, by using (3), one have two sources of errors. The first one comes from the
integral presentation of h and the second source of error comes from the conformal
mapping ϕ itself.
In the unit disk, the comparison of the harmonic mapping is done by using the follow-
ing test function
(7) test = |f −Q(f)|,
where f is the analytic expression of the harmonic mapping and Q(f) is given by the
quadrature. Note that, by (5), we may write the test function as follows
(8) test = |f −Q(f)| ≤ 2 |Re(h−Q(h))|+ |ϕ−Q(ϕ)|,
where Q(h) and Q(ϕ) are obtained by the Gauss-Kronrod quadrature and the SC
toolbox, respectively.
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4. Examples of Polygonal Mappings
In this section, we consider polygonal examples. Let the conformal mapping be (see
[22, p. 196])
ϕ(z) =
∫ z
0
(1− ζn)−2/n dζ,
which maps the unit disk D onto a regular n-gon. In [9], Driver and Duren discussed
the harmonic shear of ϕ with the dilatation ω(z) = zn. They studied other dilatation
choices as well. The author considered the dilatation ω(z) = z2n in a joint work with
Ponnusamy and Rasila [27].
4.1. Analytic Form. In [9], it was shown that for the dilatation ω(z) = zn, the har-
monic shear of ϕ is given by
h(z) = zF
(
1 +
2
n
,
1
n
; 1 +
1
n
; zn
)
,
g(z) =
zn+1
n+ 1
F
(
1 +
2
n
, 1 +
1
n
; 2 +
1
n
; zn
)
,
where F (a, b; c; z) if the Gaussian hypergeometric function. The function is defined
as follows
F (a, b; c; z) = 1 +
∞∑
n=1
(a)n(b)n
n!(c)n
zn, |z| < 1,
where
(α)n = α(α + 1) · · · (α + n− 1) = Γ(α + n)
Γ(α)
, α ∈ C,
is the Pochhammer symbol. For Re c > Re b > 0, this can also be written as the Euler
integral
F (a, b, c; z) =
Γ(c)
Γ(b)Γ(c− b)
∫ 1
0
tb−1(1− t)c−b−1(1− zt)−a dt.
In case of ω(z) = z2n, the harmonic shear is shown, in [27], to be
h(z) = zF1
(
1
n
, 1 +
2
n
, 1; 1 +
1
n
; zn,−zn
)
,
g(z) =
z2n+1
2n+ 1
F1
(
2 +
1
n
, 1 +
2
n
, 1; 3 +
1
n
; zn,−zn
)
,
Harmonic Shears and Numerical Conformal Mappings 7
where F1(a, b1, b2; c;x, y) is the first Appell hypergeometric function [2, p. 73], which
is defined by
F1(a, b1, b2; c;x, y) =
∞∑
k=0
∞∑
l=0
(a)k+l(b1)k(b2)l
(c)k+l k! l!
xkyl,
Appell hypergeometric functions can be given by Euler’s integral as follows [2, p. 77]:
F1(a, b1, b2; c;x, y) =
Γ(c)
Γ(a)Γ(c− a)
∫ 1
0
ta−1(1− t)c−a−1(1− xt)−b1(1− yt)−b2 dt,
where Re c > Re a > 0.
4.2. Example. Let ω(z) = z2n, n = 4. The reason we chose this dilatation is that, in
(1) we have eight singularities and it reveals the accuracy of our algorithm and as well
as the accuracy of the SC toolbox. In Figure 1, we have reproduced the figures from
[27] and numerically computed images using the presented algorithm.
In Figure 2, we have the error of the test function (7) of the harmonic shear f given
in the logarithmic scale (with base 10). Note that, the error is given in the pre-image
form, so that the figure can be shown in a more compact manner. The error corre-
sponding to the second mesh can be given in polar coordinates as well, but the read-
ability of the figure would be lost due to the poor resolution. Therefore, the error is
given in Cartesian coordinates.
White areas in illustrations correspond to the loss of accuracy at singularities due to
roots of the 1− z8. In the second mesh, near the boundary, we see that the rapid loss
of accuracy occurs at the neighbourhood of the singularities.
In Figure 3, we have errors corresponding to right hand side of the (8). The conformal
mapping itself has 4 singularities arising from the roots of 1 − ζ4. The loss of accu-
racy is around 4 digits in this particular example, which is nuisance but a not severe
obstacle. Unfortunately, for the analytic part h of f , even the leading digit is wrong
at singularities most of the time. This can be improve if the type of singularities are
known and the quadrature is adapted to take this information into account. Elsewhere
the performance shows no significant shortcomings.
4.3. Polygonal Shears with Other Dilatations. We shall reproduce the images from
[9] for the dilation ω(z) = zn and from [27] using dilatition ω(z) = z2n with our
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(A) Visualisation of an analytic form given by Mathematica.
(B) A numerical version computed by MATLAB. Note that, the radius of the outer-
most circle is chosen to be 0.99, to avoid extensive amount of visual artefacts.
FIGURE 1. Conformal mapping ϕ of the unit disk D onto a square and
its harmonic shears with the dilatation ω(z) = z8.
numerical algorithm along with the error analysis. In Figure 4, we have n = 3. For
illustrastions for n = 5, see Figure 5.
5. Minimal Surfaces
It is known that a harmonic function f = h+g can be lifted to a minimal surface if and
only if the dilatation ω is the square of an analytic function. Suppose that ω = q2 for
some analytic function q in the unit disk D. Then the corresponding minimal surface
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FIGURE 2. Error analysis of the harmonic shear of conformal mapping
ϕ of the unit disk D onto a square with the dilatation ω(z) = z8. On
the left hand side, we have the error of the first mesh, and on the right
hand side, we the corresponding error near the boundary of the unit
disk. Results are obtained by taking the logarithm (with base 10) of the
test function (7).
has the form
{u, v, w} = {Re f, Im f, 2 Imψ},
where
ψ(z) =
∫ z
0
q(ζ)
ϕ(ζ)
1− ω(ζ) dζ.
In [9], Driver and Duren computed ψ for a conformal mapping ϕ from unit disk onto
a n-gon with dilatation ω(z) = zn. Computation is done with assumption that n is
even. In this case the minimal surface lifting is given by
ψ(z) =
2z1+1/n
n+ 2
F
(
1 +
2
n
,
1
2
+
1
n
;
3
2
+
1
n
; zn
)
.
In Figure 6, we have a illustration for n = 4 given by the exact solution and the
numerical scheme.
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(A) Error of the analytic part h of f in form of 2 |Re(h−Q(h))| .
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(B) Error analysis of the conformal mapping ϕ from the unit disk onto a square.
FIGURE 3. Error analysis of the analytic part h of f and the conformal
mapping ϕ in the case of the harmonic shear of conformal mapping ϕ
of the unit disk D onto a square with the dilatation ω(z) = z8. Results
are obtained by taking the logarithm (with base 10) of the correspond-
ing part of the test function (8).
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(A) Dilatation ω(z) = z3.
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(B) Dilatation ω(z) = z6.
FIGURE 4. Reproduction from [9] and [27] of the conformal mapping
ϕ of the unit disk D onto a triangle and its harmonic shears with dilata-
tion ω(z) = z3, z6, respectively. The error is given in the logarithmic
(base 10) scale. Note that, the radius of the outermost circle is chosen
to be 0.99, to avoid extensive amount of visual artefacts.
6. Conclusions
In this article, we have given an algorithm to numerically shear CHD conformal
mappings. Required integrations are done using a standard Gauss-Kronrod quadra-
ture. From given examples against analytic expression, we found that our numerical
method’s performance is satisfactory on all mesh points we have considered except
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(A) Dilatation ω(z) = z5.
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(B) Dilatation ω(z) = z10.
FIGURE 5. Reproduction from [9] and [27] of the conformal mapping
ϕ of the unit disk D onto a pentagon and its harmonic shears with
dilatation ω(z) = z5, z10, respectively. The error is given in the loga-
rithmic (base 10) scale. Note that, the radius of the outermost circle is
chosen to be 0.99, to avoid extensive amount of visual artefacts.
singularities. The accuracy can be improved if the type of the singularity is known
and the algorithm is tweaked to work around it.
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